We present a new algorithm to iteratively switch the rotation angles of five-axis milling machine when additional cutter location points are inserted. The efficiency of the algorithm has been verified by a virtual machining as well as by real cutting on five-axis machine MAHO600E. The second part of the paper deals with a closed form symbolic representation of the kinematics errors. It is derived as a function of locations of the additional cutter contact points. The closed form solution is obtained from the inverse kinematics associated with a particular five-axis machine through symbolic transformations. Simulation and cutting experiments demonstrate that the proposed procedure outperforms techniques based on the equi-spaced grids.
INTRODUCTION
Milling machines are programmable mechanisms for cutting industrial parts. The machine consists of several moving parts designed to establish the required coordinates and orientations of the tool during the cutting process. The axes of the machine define the number of the degrees of freedom of the cutting device. The movements of the machine parts are guided by a controller which is fed with a so-called NC program comprising commands carrying spatial coordinates of the tool-tip and angles needed to rotate the machine parts to establish the orientation of the tool [2] , [4] [5] . The rotations invoke large kinematics errors. Besides the machines with rotation axes on the table often have to turn around heavy work pieces. As a result, the machines may have low capacities for acceleration which significantly increases machining time, and is amplified in HSM when the rotation axes reach greater speeds. In [3] the authors analyze the sequence of rotations to minimize the number of the phase reverse steps at discontinuities of the first derivative of the surface (corners etc). A method of avoiding singularities has been presented in [1] . The method certainly has its merits since it allows inserting additional points without any modifications. However, the computation is complex, computationally expensive and does not preserve the original CC points. In [7] the authors proposed an angle switching algorithm to optimize the sequence of the rotation angles without increasing the number of tool positions or changing the tool orientation. The main idea is to minimize the distance traveled by the tool in the angular space at the expense of using multiple solutions of the inverse kinematics equations that is switching the rotation angles at certain position. Considering the entire set of angles requires the shortest path techniques to minimize the total angular distance. In [6] the algorithm was extended to the case when the cost function differentiates between more damaging undercuts and repairable over cuts.
However, inserting new points in the resulting path may not be always possible because some optimization is based on replacing large angle variations by smaller ones using different combinations of the angles [6] . Inserting the additional points decreases these variations so that the replacement may not be acceptable. In turn, a simple removal of an angle switch is not suitable either since it may affect the entire tool path. Therefore, we propose a new algorithm to iteratively switch the angles when the additional points are inserted. The efficiency of the algorithm has been verified by a virtual machining as well as by real cutting on five-axis machine MAHO600E. In some cases the proposed method requires 47% less additional points than conventional schemes performed near the stationary points.
The second part of the paper deals with a method of inserting additional points. A one dimensional grid of the CL or CC points is generated using a direct minimization of the kinematics error. A closed form representation of the kinematics error as a function of locations of the cutter contact points is derived from the inverse kinematics associated with a particular five-axis machine and obtained through automatic symbolic calculations. The grid of cutter contact points is generated so that it minimizes the kinematics error. Numerical and cutting experiments demonstrate that the proposed procedure outperforms distribution of points based on the equi-spaced grid.
THE SHORTEST PATH ALGORITHM FOR ANGLE SEQUENCING
In this section we present a concise version of the angle correction algorithm presented in [7] . Consider a typical five-axis milling machine in Fig. 1 . Note that in many cases minimizing the kinematics errors can be replaced by minimization of the total angle variation as follows
where
and N is the total number of the CL points.
In principle, angles spatial positions of the tool often leads to impressive results. The "before and after" trajectories are depicted in Fig. 4 and Fig. 5 for a rough cut of a test surface. Fig. 4 shows trajectories of the tool produced with the original set of angles evaluated by (2) . The trajectories include many unwanted loops and undercuts produced by kinematics of the particular machine. Such trajectories may destroy the surface or even lead to collisions with the machine parts. The commercial toolpath generation software usually linearizes the trajectories and does not take into account the kinematics of the machine. However, the real trajectories on the machine will be the ones on Fig. 4 . This has been proven experimentally in [6] and [7] . Of course, a fine cut employing very small spatial and angular steps may not need the proposed optimization. However, a rough cut characterized by large steps and high surface curvatures could produce considerable errors. Finally, the tool paths in Fig. 4 and Fig. 5 have the same tool positions and orientations. The difference is only in the way the prescribed orientations are being achieved.
ITERATIVE SHORTEST PATH ANGLE SEQUENCING
Unfortunately, even a single additional point may destroy the integrity of a particular shortest path. It means that every time an additional point has been inserted, the shortest path must be recomputed. On the other hand, if we return back to the original (non-optimized) path the kinematics error may be very different. In order to handle this problem, we propose the following point insertion algorithm. 1. Run the shortest path (SP) algorithm [7] . 2. If the kinematics error is within the prescribed tolerance, quit, otherwise, find the trajectories where the kinematics error exceeds the prescribed tolerance. 3. Mark these trajectories. 4. Return to the original tool path (ORG) and using the angle insertion (AI) algorithm [6] to insert a point inside the selected trajectory (even though in the original path they do not produce large kinematics errors). 5. Go to step 1.
We consider the equi spaced point insertion (PI) and the equi angular point insertion (AI). We will compare four methods: 1) a conventional PI without the shortest path improvement, 2) AI based on bisection [6] , 3) the shortest path (SP) with PI, 4) the shortest path (SP) with AI.
Our test surface is now subjected to the above mentioned four methods after the maximum error has been reduced to a certain prescribed value. It has been proven experimentally that the proposed method requires 47.3 % less additional points than conventional schemes performed near the stationary points. The efficiency of the algorithms has been verified by the virtual milling machine simulator.
Tab. 1 compares the proposed iterative shortest path algorithm (SP-IT) with the shortest path scheme proposed in [7] combined with different methods for inserting additional CL points. PI stands for inserting equi-spaced points along the tool trajectory in the physical space (x,y,z), whereas AI stands for points equi distributed in the angular space (a,b) along the angular arc. The maximum allowable error is 2 mm. Clearly the iterative shortest path algorithm combined with angular based inserting uses the smallest number of points. This is because the method presents an appropriate combination of angle switching and inserting, whereas SP and AI use only a single technique. The trajectories produced by SP-IT/AI are shown in Figure 6 .
However, the procedure above is not optimized with regard to the position of the inserted point or a group of points. The next section deals with this problem.
SYMBOLIC OPTIMIZATION
How to insert the additional points? Consider minimization of the kinematics error given by minimize(ε)  , subject to     where   is a set of curves belonging to the surface and  is a set of cutter location points. The curves pass through a certain number of fixed points between which additional points are required.
The optimization procedure inserts a certain number of CL points between each pair of the control points in such a way that the kinematics error is minimized. In case of a non-differentiable objective function such as the one based on the Hausdorff distance (Dist  ), a non-gradient minimization procedure must be used. However, when the number of inserted points is large it may significantly increase the computational time. In order to combine the advantages of the gradient methods with the theoretical rigor of the parameterization-invariant distance the following heuristic algorithm can be used for the Hausdorff distance. First, a gradient based minimization is performed with regard to a differentiable norm such as 2 L . After a certain numbers of steps the procedure switches to the generic Hausdorff distance. A further simplification is based on the following approximation. A pair of points 
After several steps the procedure switches back to the generic Hausdorff distance and a new set of the Hausdorff pairs is selected. The proposed technique is applied to a zigzag tool path designed for the surface in Fig. 7 manufactured with a 10 mm flat-end mill. The tool trajectories for the optimal and the equally arc length spaced insertion methods are shown in Fig. 7(a) . Clearly, the loop-like trajectories on the top of the surface in Fig. 7(b) lead to large cutting errors and consequently to poor surface quality. The numerical comparison of the errors is shown in Tab. 2(a)-2(c).
Note that the advantage of the proposed optimization increases reaching 89% for 0.1 mm tolerance. This is because the flat-end mill allows selecting the best inclination angle providing an additional optimization variable for grid generation. Finally, the error associated with the optimal, equal arc length and the bisection techniques basically behaves similarly to the ball nose. 
CONCLUSIONS
The proposed iterative sequencing of rotation angles based on the shortest path algorithm combined with the equidistant distribution of the cutter location points in the angular space improves the efficiency of 5 axis machining. Our preliminary results show a 20% improvement over the pure angular insertion scheme and about 50% improvement with the reference to spatially equi-distributed points. However, for fine cuts these advantages could be considerably reduced and the proposed scheme may even become unnecessary. The second method of point insertion guarantees the optimality with regard to the kinematics error. The symbolic calculations generate an explicit representation of the error and its performed automatically and only once for a particular five-axis machine. The results can be converted into Ccodes and used to optimize the tool path for any given surface. For particular cuts the method provides up to 89% decrease of the kinematics error with regard to iso-parametric and equi-arc length point method. On the other hand, the method provides less CL points for the same error tolerance, which is in particular important for high speed milling when an increase in number of the points leads to a substantial increase in the machining time. The advantage with regard to non-gradient techniques such as bisection exceeds 10%. For many industrial setups it amounts to hundreds of hours of machining. 
